In many developing countries power demand is much greater than can be met, leading to routine load shedding. Some policy must be chosen for the fair and efficient rationing of power, however, transmission constraints and unreliabile generation can make it difficult to achieve a particular allocation of power.
INTRODUCTION
In many developing countries power demand is much greater than supply, leading to frequent load shedding for a large proportion or even all of the daily load cycle. Nigeria [1] and Pakistan [2] present egregious cases of chronic power crises. News reports of countries or regions in similar situations can be found from India [3] , Brazil [4] , South Africa [5] , Zimbabwe [6] and Serbia [7] to name just a few. Power outages in developing countries have been shown to cause a substantial drag on economic growth [8] because demand is either unmet or has to be supplied by self-generation at a high cost.
In the long run additional investment to improve the electricity supply industry is of crucial importance for economic development in many countries. Nevertheless, in the short to medium term it is also important to make the best use of existing infrastructure, which means that research addressing the technical and economic issues of power system operation in conditions of electricity shortage is needed. However the literature on this topic is limited.
Sophisticated models have been proposed for efficient allocation of service interruptions in power shortage conditions in [9] , [10] , [11] and [12] . However, these rely on complex financial mechanisms which are unlikely to be practical in developing countries where institutional competence is often poor [13] . There is literature on optimal load shedding such as [14] , [15] and [16] . However, these treat load shedding as an emergency measure to return the system to a steady state in the case of a contingency event. The contribution of our work is to consider the implications of the case when load shedding is a constant necessity for the operation of the system. [17] discusses how power rationing can be most effectively implemented to deal with long-term power shortages and the authors present case studies from developed and developing countries, including Chile, China, California, the Dominican Republic, Japan and Brazil. [18] attempts to draw lessons from the Californian experience of power rationing in 2001 that can be applied to developing countries. These are both empirical studies focusing on institutional and managerial issues. In contrast our work provides a decision support model targeted specifically at the needs of developing countries.
In this paper we develop a modeling framework to help energy policy makers quantify the trade off between maximising the proportion of energy demand served and distributing the burden of load shedding in an equitable way between customers in different regions of the network. We model this as a multi-objective optimisation problem and show how to analyse the trade off by obtaining the Pareto frontier of the two objectives.
We apply this framework to a model of the Nigerian power system in 2014 and show how transmission constraints limit what distribution of power is possible on any individual day. We then show that achieving fairness over a long period allows more energy to be supplied, but at the cost of a significantly more variable level of power supply on a day-to-day basis.
The remainder of this paper is organised as follows: In Section 2 we describe the motivating situation and explain how our modeling approach captures its important features. Section 3 describes our model and the solution methods we use to obtain our results. In Section 4 we present a case study of the Nigerian Power System. This is divided into 5 subsections: Section 4.1 gives some background information on the Nigerian power system; Section 4.2 describes the network model; Section 4.3 presents results demonstrating the importance of using the AC power flow equations in this case; Section 4.4 describes the set of operating points used to approximate the range and frequency of different network operating conditions; and in Section 4.5 we present the results of our analysis.
MOTIVATION
When a power system is not able to meet demand, some policy must be chosen for the fair and efficient rationing of power. However, in underdeveloped power systems the transmission network may be highly constrained.
Furthermore, poor maintenance of generators and unreliable supplies of fuel mean that the level and spatial distribution of available generation is highly variable. The system operator must take these into account in order to determine an optimal policy of load shedding and generation.
We analyse the case when the system operator wants to dispatch generation and ration power supply in order to achieve a desired balance between maximising power delivery and supplying a fixed proportion of total power supplied to different regions of the network. We have chosen to study this particular formulation of the problem because there is a concrete example of this type of regulation implemented in Nigeria (see Section 4), but our methods are applicable to other similar settings.
We formulate this problem as a multi objective optimisation problem. The first objective is to minimise the total load shed. The second objective is to minimise a measure of the deviation from the proportional targets in all regions that have a shortfall.
We consider two cases resulting in two problem formulations. In the first case the system operator is concerned with achieving a desired balance between proportional fairness and power delivery over a short time horizon during which the operating conditions of the power system (i.e. the level of demand and available generation) are expected to remain constant. We call this the Short-term Load Allocation Problem. In the second case the system operator wishes to achieve the desired balance between proportional fairness and power delivery on average, over a longer time period. We call this the Long-term Load Allocation Problem.
We model the variation in the operating conditions of the network by a set of operating points representing the range and relative frequency of different operating conditions. For each operating point we define a power flow problem and impose constraints defining proportional targets for power supply to each region of the network. In the Short-term Load Allocation Problem these constraints must be satisfied in each operating point so regions in shortfall with respect to the target in one operating point cannot be compensated for this by a surplus in other operating points. In the Long-Term Load Allocation Problem the proportional target constraints apply to the power supply aggregated over all operating points so that shortfall in one operating point can be compensated by a surplus in another operating point.
For this paper we neglect issues of uncertainty about the future level of available generation and instead assume that the uncertain future availability levels are represented by a set of operating points. This is a valid assumption if the system operator is concerned with a policy that is optimal, on average, over the long term, and the distribution of the level of available generation is stationary.
We can model the physics of power flows at varying levels of detail by using either the AC power flow equations or their DC linearisation. The AC version more accurately simulates the power flows in the network, including the effects of reactive power, transmission loses and line capacity limits. The advantage of the DC version is that the resulting Optimal Power Flow problem is a convex problem, meaning that it can be solved more quickly and to proven optimality. The DC power flow equations are widely used in techno-economic electricity models because they are a good approximation to the true behavior of most power systems, operating in normal conditions . However, for a power system operating close to its limits it is important to precisely model reactive power flows and transmission loses (see Section 4.3).
METHODOLOGY

Model
The constraints of our model are described by equations (2) to (15) and either (16) or (18) using the sets, parameters and variables in Table 1 . This formulation uses the AC power flow equations for each operating point defined using in polar coordinates as in [19] . We formulate the DC version by removing all reactive power constraints and variables from the problem and assuming that the voltage magnitude, v = 1 for all buses.
The objective function to be minimised for the Short-term Problem is given by equation (1) . This is the weighted sum of a penalty for violating the load allocation constraints in every operating point minus the sum of power supplied in all operating points. Constraint (15) defines the difference, d r,t , between the power supplied in region r at operating point t and the corresponding target power supply for the region. The target power supply for region r is given by the total power supply to all regions multiplied by P r , the proportion of power that should flow to region r according to the load allocation regulation. The shortfall in region r at operating point t, s r,t , defined in constraint (16) , is the positive part of d r,t . In the context of this paper "shortfall" is the gap between the amount of power supplied in a region and the amount it should get if the proportional targets were respected. It does not mean the amount of unmet demand.
The objective function to be minimised for the Long-term Problem is given by Equation (17) . This is the weighted sum of a penalty for violating the load allocation constraints considering all operating points together minus the sum of power supplied in all operating points. The long-term shortfall, s L r defined in constraint (18) is the positive part of the difference terms summed over all operating points t. It is defined for every region. 
subject to
The Long-term Load Allocation Problem is to:
subject to constraints (2) to (15) and also subject to
Equations (2) (14) is the line flow constraints.
The line conductance g bb and susceptance b bb are defined by
where r bb , x bb are the line resistance and reactance, and parameters G bb and B bb are defined by
where b C bb is the line charging susceptance and τ bb = 1 except in transformer 'lines', where it is the tap ratio and (as in the MATPOWER [20] convention) the ideal transformer is at the b end of the line.
Solution Method for Single Operating Points
In the simplest case where we consider just a single operating point of generation availability the shortfall as defined in the Short-term and Long-term problems are equivalent. We can obtain the Pareto frontier of the two objectives by optimising just with respect to the power supply objective and imposing a constraint on the total shortfall (This is the -constraint method described in [21] ). This allows us to guarantee a good spread of points on the Pareto frontier and obtain points on concave parts of the Pareto frontier if they exist. In this approach we set W to a very small positive value so that the solver will prefer solutions with a smaller level of shortfall, all other things being equal.
Short-term Load Allocation Problem Solution Method
The Short-term Problem is separable by operating points. Each operating point defines an OPF which is independent from the others. We can see this by reformulating (1) as: (22) and noting that none of the constraints include more than one value of t.
We solve each problem using the Interior Point Method implemented in IPOPT [22] . The AC OPF is a non-linear, non-convex problem so there is no theoretical guarantee that the solver will converge to the globally optimal solution. In addition to converging to a locally optimal solution, the solver could converge to a stationary but non-optimal point, or converge to an infeasible point. However, methods that guarantee global optimality are not yet a practical approach for the size and structure of problems we consider (a meshed network of 637 buses in our case study). In practical experience, local optima of the AC OPF are relatively rare [19] . Nevertheless we address the risk of finding a local optima by solving each cases from different initial points. For the first run we set v b = 1 and δ b = 0 for all buses b, and p g,t and q g,t at the midpoint of their upper and lower bounds for each generator g. For subsequent runs the values of these decision variables were randomised. Using this method we have not been able to identify any local optima in the problem we consider in the case study.
Long-term Load Allocation Problem Solution Method
The Long-term Load Allocation Problem is not seperable by operating points because of the complicating constraint (18) . The problem becomes intractable for large numbers of operating points. We therefore use an approach based on Lagrangian relaxation to decompose the problem. Because of the non-convexity of the original problem this approach is to some extent heuristic. However, as we show in Section 4, we can solve problems to a very small duality gap using this method. Lagrangian relaxation is applied to (18) (retaining the positivity constraint s L r ≥ 0) and the objective (17) to get the Lagrangian function (with weighting parameter W determining the balance between the two primal objective terms):
subject to constraints (2) to (15) and s L r ≥ 0. By the weak duality theorem this gives a lower bound on the primal problem for any choice of µ ≥ 0.
Furthermore this can be rearranged to:
where,
Therefore (23) is separable by operating points because the none of the constraints mention more than one value of t
For a given µ we can solve L(µ, W ) by solving |T | independent OPF problems L t (µ, W ), where T is the set of operating points, and calculating the optimal s
The best lower bound will be given by max µ L(µ, W ), from which we can observe that the optimal µ ∈
To find the values for µ which maximise L(µ, W ) we can build a cutting plane approximation to L(µ, W ).
From the solution of L(µ, W ) for any particular µ we can compute the gradient∇ µ L(µ, w), from ∂ ∂µr L(µ, w) = s r − P r r p R r ,t + tp R r,t , which gives us the cutting plane f ≤ L(µ, W ) + (μ − µ)∇ µ L(µ, W ). For a set of cutting planes P we solve the master problem max f ∈R f subject to P and 0 ≤μ r ≤ W to obtain an updatedμ.
In practice we find that a dual stabilisation method is needed for the dual problem to converge in reasonable time. We use a Proximal Bundle Method (see [23] for example).
CASE STUDY: NIGERIA
Nigeria exhibits the features that motivate our modeling approach: demand exceeds the power system's ability to supply power and the Nigerian regulator has adopted an approach to manage the regional rationing of power based on proportional Load Allocation targets for each distribution company.
In this case study we analyse how enforcing this regulation over different time scales and with varying levels of strictness affects the total amount of power that can be delivered. Requiring the regulation to be satisfied over a short time horizon during which the operating conditions of the power system are expected to remain constant corresponds to the Short-term Load Allocation Problem. Requiring the regulation to be satisfied on average, over the long term corresponds to the Long-term Load Allocation Problem. In order to explore the effect of enforcing the policy with varying levels of strictness we obtain the Pareto frontier of the two objectives: minimising the total load shed and minimising a measure of the deviation from the proportional targets in all regions that have a shortfall. We first consider each of the operating points individually and obtain the Pareto frontier of power supply and shortfall in each operating point. We then obtain Pareto frontier of both the Long-term and Short-term Load Allocation problems for this set of operating points.
Background on the Nigerian Power System
As a result of the recent privatisation and restructuring of the Nigerian power system there are 11 private utility companies with regional distribution and retail monopolies (DISCOs). The roles of the transmission service provider and system operator are combined in the government-owned Transmission Company of Nigeria (TCN). Generation is owned by privatised generation companies (GENCOs) but centrally dispatched by TCN and the DISCOs are required to pay the GENCOs for energy received according to generation tariffs set by the Nigerian Electricity Regulatory Commission (NERC).
The proportional load allocation targets set by NERC are shown in Table 2 . These roughly correspond to the proportion of customers in each DISCO. The precise implementation of the load allocation policy has varied since privatisation, but the principle is that load supplied in each DISCO region over some time period should be a fixed proportion of the total load supplied.
The transmission system topography comprises a meshed grid in the south west of the country connected to the north and east by radial lines (see Figure 1) . The nameplate capacity and mean available capacity of the generators are tabulated in Table 3 . been minimal transmission investment since privatisation, so by varying the generator availability the model can be taken to represent the state of the Nigerian power system at any point from November 2013 to the present.
Comparison of the AC and DC Models
We considered carrying out our analysis with the AC and DC versions of the models. Here we present the results that motivate our decision to use the AC model. Under both the AC and DC specifications of the problem we maximise supplied load without considering load allocation targets and then maximise supplied load with the load allocation targets strictly enforced. We repeat this for 26 generation scenarios in from 3 to 5.5 GW MW scaling the nameplate real power generation capacity of each generator by the same factor so that the spatial distribution of generation is the same. Figure 2 shows the total supplied load plotted against the available generation capacity in these 4 cases. A feasible solution could not be found for the generation scenarios with 3 and 3.1 GW of available capacity using the AC model with load allocation targets. More load is supplied in the solution to the DC model than is possible with the AC model, particularly for higher generation scenarios. Furthermore, in the DC model the load allocation policy has no effect on delivered load. We can see from the large difference in the results for the AC and DC models that accurate modeling of losses and reactive power flows is important to get accurate results for the Nigerian system. These results suggest that there is a shortage of reactive power in the network and that installation of reactive compensation could help to alleviate some of the transmission constraints.
On the basis of these results we carry out our analysis with the AC model. The DC approach could be modified by adding some approximation of the losses (e.g. a constant loss model) and using a slightly lower line flow limit to account for reactive power flows. However, it is unlikely that any approximation of losses and reactive power flows would give accurate results in the wide range of different operating conditions of the network that we explore.
Approximating the Variation in Network Operating Conditions
Our problem formulation is general enough that the set of operating points can represent any variation in the operating conditions of the network including generation availability, demand and transmission system topology. In the Nigerian case it is the variation in the level of available generation that is the major cause of supply variability. Variation in the network topology due to faults is of a lower order of significance. Demand is a source of uncertainty but this does not matter because we find that our results are not sensitive to the level of load within the range of all realistic load estimates (see results in the Appendix). Demand is sufficiently high that transmission and generation constraints always prevent the load being fully supplied in any region. For these reasons we only consider variation of generation in this study.
We have obtained one set of measurements of actual connected load. In the absence of more data we assume that the measurements are representative of the power factor at grid supply points and the relative scale of the loads within distribution company regions. The measurements do not include the shed load, however, since load shedding is endogenous to our model, the level of power demand in the model must include the shed load as well. Therefore we scale the measurements of connected load up to a total of 10 GW maintaining the same power factor and ensuring that the total load in each DISCO is proportional to it's load allocation target.
This demand level was considered to be plausible by local experts and as we argued in the previous paragraph, the precise level is not important.
The level and distribution of generation available is exogenous to our model and it is highly variable. Figure 3 shows total available capacity over 1 year from May 2014. We have obtained a data set that gives the declared available capacity for individual generators on each of these days. We selected a set of 21 days uniformly spaced over the year starting May 2014 and create an operating point to match generation availability on that day by scaling the maximum generation output of each generators to match its availability on that day. This implicitly approximates the probability distribution of the level and spatial distribution of available generation. 21 operating points were chosen to balance the goals of minimizing computational complexity while approximating the space of past variation reasonably well. If the generation availability level is very low, the Pareto frontier is nearly flat, which means that shortfall can be eliminated with little cost in terms of total power supply. In these operating points power can be allocated to where policy makers have decided it should be without causing network congestion. The small decrease in overall power supplied is caused by slightly higher transmission loses. However, for the operating points with more available generation it is not possible to supply enough power to some regions, so rigorously adhering to the load allocation targets severely conflicts with maximising supply. This can be seen from the steep upward sloping curved region at the left hand end of these curves which indicated that gains in terms of reduced shortfall come at the cost of a significantly reduced overall power supply.
The particularly steep curves at very high generation availability levels illustrates a potential downside of a proportional policy of the kind described in this paper: the potential to create perverse incentives for the System Operator. If a region is in shortfall relative to its proportional target, but there is a hard transmission constraint preventing further power being supplied here, then the only way for that region's proportional target to be achieved would be to reduce the power supplied to other regions. In the Nigerian case we find that this happens in some individual operating points with high generation availability (over 4.5 GW) and a large weight on the objective of minimising shortfall. Available generation is very rarely this high in Nigeria, but if availability improves without expansion of transmission capacity, proportional regulation of this kind may cause problems.
We next compare the Pareto frontier for the Short-term and Long-term AC Load Allocation problems using the methods described in Sections 3.3 and 3.4. We have obtained 20 solutions to the Short-term Load Allocation
Problem. The shortfall averaged over all operating points ranges from 2 MW to 380 MW. Reducing the average shortfall to 2 MW comes at the cost of 5% additional load shedding.
However, average shortfall as defined in the Long-term Load Allocation problem can be reduced to a similar level with much less load shedding. In our solutions to the Long-term problem the lowest shortfall obtained is 5 MW, which comes at the cost of only 2% of additional load shedding (see Table 4 ). Although our solution method for the Long-term Load Allocation problem can in theory leave a duality gap, we can see from the duality gaps reported in Table 4 that these points are very close to optimal. As a percentage of the objective function value the largest gap is 0.05% and most are much smaller than this.
In Figure 5 we plot all of the solutions obtained to the Short-term and Long-term Load Allocation Problems in terms of the average shortfall in each operating point. In this figure we approximate the Pareto Frontier by interpolating between these points.
For both problems there is a flat region on the right of the Pareto frontier indicating that these levels of shortfall can be reduced at little cost in terms of total power supply. However, in both cases there is also a steep downward sloping curved region at the left hand end, indicating that it is not possible to adhere to the load allocation targets without reducing the supply to regions where more could be supplied.
In the Short-term Problem the transition between the flat and sloped regions of the Pareto frontier occurs when the average shortfall has been reduced to 140 MW. This is a higher level than for the Long-term Problem where the transition occurs around 50 MW. Further reducing shortfall below these levels comes at an increasing cost in terms of load shedding. This implies that enforcing load allocation targets over a longer time horizon is substantially more efficient, as may be expected. However, this also means that some regions will be undersupplied for a longer period of time, which may not be acceptable. 
CONCLUSION AND POLICY IMPLICATIONS
In a power system in a long-term power shortage, some policy must be adopted that describes how to ration available power. If the System Operator is only incentivised to maximise delivered load, say by payments for transmission services, then they are unlikely to distribute power equally to different parts of the system, which may be seen as unfair or otherwise politically unacceptable. Countries with such power systems, such as Nigeria, therefore specify load allocation targets or similar metrics for each region. System Operators are then penalised for failing to meet these targets, incentivising them to choose a more equal distribution of the available power.
However, as we have argued in this paper, this can come at a substantial cost in terms of additional load shedding. Depending on the design of the policy the System Operator may be incentivised to minimise shortfall at every operating point or attempt to balance shortfall or surplus over the long term. It may also be allowed to deviate from load allocation targets to a certain extent. Policy makers need to know what the efficiency penalties are in each of these cases to design an optimal load allocation policy.
We have developed methods which can be used to quantify the trade-off between different objectives and implement a chosen policy, and applied this to the Nigerian power system. Our case study shows that the cost of the Nigerian load allocation targets is substantial, as it reduces the total amount of power supplied by up to 5%. This does not imply that the policy is inefficient, as long as a more equal distribution of the available power has substantial benefits, but without this quantification a trade-off between fairness and efficiency cannot be made.
It could be argued that instead of finding a balance between proportionality and maximum load, the System
Operator should attempt to maximise a utility function of power supply. The utility of power in each region of the network is likely to have diminishing returns, so maximising the sum of the utility functions in all regions is likely to enforce some level of proportionality between regions in any case.
Alternatively the System Operator could have fixed targets for the minimum level of power to be supplied in each region, rather than proportional targets such that the target moves, in absolute terms, with the total level of power supply. Once these targets have been met, surplus power could be distributed according to some other rule. This could solve the problem where proportional regulation encourages the System Operator meet the load allocation target in a given region by shedding load elsewhere even though it is not possible to supply more load in the region in question.
Nevertheless, in both these cases there remains a similar difficulty of trying to achieve these objectives subject to different network conditions as the level and spatial distribution of available generation varies. Furthermore, both of these objectives have Short-term and Long-term versions analogous to the Short-term/Long-term Load Allocation Problems described above. Therefore the methods we describe in this paper could be adapted to these alternative problems.
In the course of our investigation we found that investment in reactive compensation could make it feasible to achieve the Nigerian load allocation targets with less load shedding. However, it should be noted that although reactive support is cheap relative to generation or transmission lines, developing world power systems often find it difficult to meet even this level of investment. It is therefore important to consider how to most efficiently operate and regulate the existing network. Although alleviating these problems by investment in reactive support is beyond the scope of this paper our method could be used to evaluate different plans for investment in reactive support. An interesting subject of further research would be to optimise the siting of capacitor banks.
doctoral research from which this paper is derived.
APPENDIX
The level of unsuppressed load (demand without load shedding) is the parameter of the model that has the greatest range of uncertainty. Therefore sensitivity analysis of these results was carried out to quantify the sensitivity of our model to potential inaccuracy of this estimate. We might expect that in spite of the transmission constraints, some regions of the network can absorb more power. If so the total load that can be supplied may also increase if the loads in these regions are increased.
The optimal power flow model was solved for 21 individual operating points with overall load level ranging from 5 GW to 15 GW increments of .5 GW (Note, these are not the same 21 operating points used in the case study). In the first instance the optimisation was carried out with an objective to minimise load shedding with no load allocation targets. In the second case we require strict adherence to the proportional load allocation targets. The individual loads at each bus were scaled uniformly. The analysis was carried out for 6 levels of generation availability: 3, 3.5, 4, 4.5, 5 and 5.5 GW. In each case we scale the nameplate real and reactive power generation capacity of each generator by the same factor so that the spatial distribution of generation is the same.
The results of maximising total supply are shown in figure 6 where total load supplied is plotted against unsuppressed load for all 6 scenarios. A horizontal line for a given scenario means that the level of load supplied does not increase if the level of unsuppressed load is higher. The 5 and 5.5 GW generation availability operating points display the highest sensitivity to the load level. The 3, 3.5, 4 GW operating points display very little sensitivity to the level of load while the 4.5 GW scenario displays some sensitivity to the level of load between 5 and 7 GW.
The results when we minimise the shortfall from the proportional targets are shown in figure 7 . Again the sensitivity to load level is largest in the lower range of unsuppressed load (5 to 10GW). (Note that with strict adherence to load allocation targets it was not possible to find any feasible solutions for the lowest generation scenario with 3 GW of available capacity.)
As shown in Figure 3 generation availability in the study period is very rarely in excess of 4.5 GW and never exceeds 5 GW. Therefore in in the most realistic range of generation scenarios (3 to 4.5 GW) our results
are not sensitive to the estimate of load as long as it is in excess of 7 GW. Based on discussions with consultants working in the sector we have verified that demand is at all times likely to be in excess of 7 GW. We conclude that our results would not be significantly affected by considering a range of different demand estimates or variation in demand across the day.
However the methods we have developed could easily accommodate a situation in which modeling variation in demand over the day is more important. For example one could replicate each generation operating point with three operating points with a peak, off-peak and medium demand estimate and weight these in the objective function according to the proportion of the day they represent. 
